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Bounds on the Bayes and Minimax Risk
for Signal Parameter Estimation

Lawrence D. Brown and Richard C. Liu

Abstract—In estimating the parameter ¢ from a parametrized
signal problem (with 0 < 6 < L) observed through Gaussian
white noise, four useful and computable lower bounds for the
Bayes risk were developed. For problems with different L and
different signal to noise ratios, some bounds are superior to the
others. The lower bound obtained from taking the maximum of
the four, serves not only as a good lower bound for the Bayes risk

- but also as a good lower bound for the minimax risks. Threshold
behavior of the Bayes risk is also evident as shown in our lower
bound. i

Index Terms—Bayes risk, minimax risk, threshold effect.

L INTRODUCTION

ONSIDER a system involving a transmitted signal of the
form s¢(t), 0 <t < T, 0 < 8 < L, and a received signal

r(t) = sp(t) + o db(?), 0<t<T,

where b(t) denotes Brownian motion, so that odb(t) is white
noise with intensity o. The form of s is known but 4 is an
unknown parameter to be estimated. If § = 6(r(-)) denotes
an estimator of 8, the squared-error is R(6, §) = Es(f — 6)2.
Of interest here will be bounds—especially lower bounds—for
the Bayes risk under a uniform prior,

L
B(L) = inf‘;% / " R(8, 6) db.
0

Also of some interest is the minimax risk, M(L)
infzsupg<g< 1 R(6, 6). Note that any bound for B(L) is
automatically one for M (L) since

B(L) < M(L). (1.1)

Many of the results in this paper deal only with the location
model, where

so(t) = s(t — 6),

and several require further that s have compact support—i.e.,
so(t) =8(t—0)=0ift < ort>0+ W.In this case, we
always assume that T' > L + W. Of particular interest as a
specific example is the case where s is a rectangular signal, i.e.,

<t<
so(t) = s(t — ) {g b<t<b+W

otherwise.
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(1.2)

(1.3)

It is also of interest to study a discretized version of this
compact support problem. Here, ¢ is assumed to be restricted
to the values § = 0, W, 2W, ... ,7W; 7 = [L/W]. (Note that
8 is not restricted to take only the values 0, W, ---,7W.) Let
Bp(r) and Mp(7) denote the uniform prior Bayes risk and
the minimax risk in this problem. Then,

Bp(r) < Mp(r) < M(L),

{,B(L) < M(L). a4

We also suspect that Bp(r) < B(L) but we can only
prove that Bp(t — 1) < B(L). (See Lemma 4.1.) Finally,
if Bp(r, W) denotes this Bayes risk as a function of 7 and
W then Bp(t, W)/W? is independent of W, i.e.,

Bp(r, W)/W? = Bp(r, w)/w?. (15)

Section II of this paper studies in detail the situation when 6
is known to take one of only two different values. This includes
the discretized problem having 7 = 1. It is not difficult in this
case to find the exact value of Bp(1) by numerical integration.,
However, it is also useful for other purposes (such as in Section
II) to have a good analytic bound. This bound is derived in
Section II, and is compared with the exact values in Table I. It
is also proved that the efficiency of the maximum likelihood
estimator relative to the Bayes (and minimax) estimator in this
setting varies between 50% and 75%. -

Section III builds on the results of Section II to produce
bounds which are useful for the case where L/W or 1
are moderate (between roughly 1 and 10 to 100, depending
on 3). Section IV presents a different style of bound that
is appropriate when L/W (or ) is large. The asymptotic
situation as L/W — oo (or 7 — 00) is also studied. It
is shown that the asymptotic efficiency in this sense of the
maximum likelihood estimator is 3/4.

Bounds of a similar style were given by Van Trees [13], Ziv
and Zakai [14], Bellini and Tartara [1], Chazan, Zakai, and
Ziv [5]), etc. Brown and Liu [2] studied the situation in which
t, L, W are fixed and S — oo. This situation was also studied
earlier in Terentyev [12] and Ibragimov and Hasminskii [8].

Section V presents some tables and graphs which combine
the results of the preceding sections. All proofs are deferred
to Section VL '

The Threshold Phenomenon: Van Trees [13], Ziv and Zakai
[14], and others have noticed a threshold behavior of the Bayes
risk as the signal to noise ratio increases. This behavior is
evident from our bound, and is seen graphically in Fig. 1 for
larger values of L. There is also another weaker threshold
effect in this section. It appears as L increases with signal
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TABLE 1
VALUES OF THE Two-POINT BAYES Risk (B*), THE BouND (b2) OF THEOREM 2.1, AND THE Risk (R) oF THE MLE
A B (%) o) b2(A) b2(A)/B*(N) R B*(N)/R(\)
0.1 0.2475 0.5364 0.2468 0.9973 0.4602 0.5379
0.5 0.1990 0.6295 0.1942 0.9761 0.3085 0.6449
1.0 0.1124 ° 0.6843 0.1083 0.9638 0.1587 0.7084
15 0.04931 0.7082 0.04731 0.9594 0.06681 0.7381
2.0 0.01715 0.7218 0.01642 0.9576 0.02275 0.7538
25 0.00474 0.7299 0.00453 0.9567 0.00621 0.7630
3.0 0.00104 0.7351 0.00099 0.9561 0.00134 0.7688
35 0.00018 0.7386 0.00017 0.9558 0.00023 0.7726
) 0.75 0.9549 0.7854
and signal to noise ratio held constant. (It thus appears in the where
case of having to locate the center of moderately informative 2 ®(=3)) -1
limited bandwidth signal transmitted somewhere in a large p(A) = [1 + et FYEY ]
duration of time.) This behavior is seen graphically in Fig. 2 (=X)

for larger values of the signal to noise ratio (Q). This weaker
threshold effect is predicted by common sense, and mentioned
in Ziv and Zakai [14], but our results provide some theoretical
and numerical validation.

IL. THE TWO POINT PARAMETER SPACE

Suppose 4 is restricted to take one of the two values 8 = 0
or.§ > 0. Then a sufficient statistic for inference about 8 is

X= (2)\02)"1{/[391 (t) — so(t)]r(t) dt — E}:
X = X8 = 25 [ ®
a=3 [0 - de)

— so(t))2 dt
@1

Under 8;, X has a normal distribution with mean (—1)*+1),
and variance 1 for ¢ = 0, 1.

For a location model with compact signal support of length
w,

J @) dt
20 TTog2

where Q is the total-signal-to-noise-rate ratio. In particular,
for s rectangular as in (1.3),

\(6) = = %— for 8 > W, (2.2)

£, fO<O<W,
2 =V 3
A0) = { $=-5w  ife>w. 23

Let B*()\) denote the Bayes risk for this problem as a
function of A = A(6,) when 6, = 1. Thus, B*(}) is the
Bayes risk for the symmetric prior when X is observed with
either X ~ N(-), 1) or X ~ N(A, 1) and the loss from an
estimate d is (0—d)? or (1~ d)?, respectively. The Bayes risk
for general §; and A = A(6;) is then 02B"'(/\) This is also
the minimax risk for this problem.

Let ® and ¢ denote the standard normal cumulative distri-
bution function (c.d.f.) and density function respectively. Here
is our basic two point bound. All proofs appear in Section VL.

Theorem 2.1:

B*(X) 2 p(A)@(-A) = b2(X), 249

This lower bound is balanced by the following slightly
cruder upper bound.

Theorem 2.2:
B\ < [1 — e ;I’ézf’;;]qx-,\) = B(\).

The first four columns of Table I show selected values of
B*()), p(2), ba(X), and the ratio ba())/B*()). It is clear that
b2()) is a good lower bound. The numerical evidence is quite
convincing that p()) is increasing in A and that ba(A)/B*(})
is decreasing in A. (Table I is selected from a more complete
table having A varying from 0 to 5.8 with interval length 0.1.)
However, we have only been able to analytically prove the
following.

2.5)

Theorem 2.3: p is increasing in A with

3
<o

limy,c0p(A) =
The ratio bo())/B*()\) satisfies
{limk_.o(bg()\)/B*(A)) =1,

Hmy o0 (b2(A)/B* (X)) =
lHmy oo B*(A)/®(-A) =

The numerical evidence, plus Theorem 2.3 convincingly

shows that

=0.9549- - -,

3
™
z
4

15 ba(A) o

2 oy 27" 0.9549. -

=1|m

(2.6)

Since we have not been able to prove this, we note that
Theorems 2. 1—2 3 do establish that

1> &) >mfA(ZE/\;) 0.9.

= BM
The maximum likelihood estimator (mle) g, is a common
multipurpose suggestion. In the present context it is given by
6= 0, if X >0,
00( if X <0.

2.6

)’
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Hence, it has risk R(6, §) = 62®(— ) at both 6 = f, and
6 = 6;. Table I also contains values of R(\) = R(6, §)/6% =
®(—\), and of B*(\)/R()), which is the Bayes risk efficien-
cy of the maximum likelihood estimator. The pattern apparent
in the table is verified in the following theorem.

Theorem 2.4: The Bayes risk efficiency of the mle,
B*(\)/R()) is increasing in X. It satisfies

@7

with

Since the Bayes and minimax risks are equal, Theorem 2.4
also provides a statement about the minimax risk efficiency
of the mle. The minimax risk efficiency of the mle in a
somewhat different problem also involving the normal location
family was studied in Donoho, Liu, and MacGibbon [6]. For
their problem they found an efficiency varying between 4/5
(approximately) and 1.

The bound ®(—Q)/4 for By()) is given in Ziv and Zakai
[14]. Our bound b; is better by a factor between 2 and 3. Values
of By(A) have been computed elsewhere. For example, Casella
and Strawderman [4], motivated by a somewhat different
problem, computed values for A < 1.7 (approximately). See
also Kuks and Olman [10].

III. BOUNDS FOR MODERATE L OR T

A simple technical argument in Ziv and Zakai [14, following
their (9a)] converts two point bounds into bounds for arbitrary
L or 7. This argument can be somewhat improved, and the
two point bound of Section II is also better than what they
used. The result is summarized in the following theorem both
for the general model and for the discretized model.

Theorem 3.1: In the local model (1.2),

L
B(L)> L™ / 62B*(\(0)) db.
V]
In the discretized model,

Bo(r) > T3 wB (Q/2))

In both cases, replacing B* by the bound of Section II

results in a further lower bound, e.g.,
B(L)> L /0 E 2by(0(0)) df
=L /0 L92p(,\(0))(1>(—,\(e)) df
~ L /0 “2a(-x(8)) db, G.1)

where 1/2 < 7 < 3/4.
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For a rectangular signal (1.3), substitution of (2.3) and (2.4)
into (3.1) and integration by parts yields for L > W,

e ) e
o918

(3.2

where Py is defined by (3.1) with L = W and X as in (2.3),
and

X
Ki(X) = $k/2)=1g=t/2 gy

1
2k/2T(k/2) A

is the c.d.f. of a x2 variable. (This formula can also be made
correct for L < W if in that case one substitutes L for W and
QL/2W for Q/2. The term in (3.2) involving (L — W?) thus
becomes zero.) Note that since 5 < 1/2, the value 1/2 may
be substituted for 7 in (3.2) to.get a more convenient lower
bound. Also note that 5y, < p ([Q/2]'/?) < 3/4.

Chazan, Ziv, and Zakai [5] give a different bound in place
of (3.1). Their bound has a different derivation. Unlike (3.1) it
does not seem to readily generalize to situations not involving
a uniform prior or a location family. In the case of the
rectangular signal (and uniform prior) their bound is

B(L) > L"{W3 [é@ (_ [92_] "2> .\ %(%)2
w(8)-3(a) =)
2 - W (_ [%] )} 63)

Note that as L — oo, the two bounds satisfy

(3.2)

G~ 2p(Q/2)(as L — o0) ~

(3/2)(as Q — 0). (3.4)
but for L fixed and Q — o0, (3.3) ~ (W3/L)(3/Q?)
“whereas (3.2) = O(1/Q3). (Actually, as Q — oo, B(L) ~
(W?3/L)(4.80/Q?). See Brown and Liu [2].) Clearly, some-
times one bound is preferable and sometimes the other. A
numerical comparison we performed indicates that (3.3) is
always better when L = W (or L < W), and (3.2) only
dominates for L moderately larger than W, and Q not too
small or too large. As suggested by the above and (3.4), the
ratio of the two bounds apparently always satisfies 2/3 <
(3.3)/(3.2) < oo. For these reasons we conclude that bounds
in the style of Theorem 3.1 seem most suitable when L/W is
moderate (certainly > 1) but not too large. (See Section IV.)
Q should also be moderate.
It is relatively straightforward to generalize Theorem 3.1 to
treat other prior distributions. Thus, suppose 8 has an a priori
distribution G, so that one is interested in the corresponding

Authorized licensed use limited to: University of Pennsylvania. Downloaded on March 25,2010 at 15:51:43 EDT from IEEE Xplore. Restrictions apply.



BROWN AND LIU: BOUNDS ON THE BAYES AND MINIMAX RISK FOR SIGNAL PARAMETER ESTIMATION

Bayes risk
B(G) = inf / R(8, §)G(d6).

Two different bounds are possible.
Corollary 3.2: In the location model (1.2) with prior dis-
tribution G,

B(G) 2 //(9 —)?B*(\(10 ~ £1))G(dF)G(d8). (3.5
If G is symmetric about some value (§), then

B(@) > / 62B*(A\(6))G(d6). (3.6)

Analogous bounds are valid for the discretized model. When
G is the uniform distribution, (3.6) is of course the same as
Theorem 3.1. In the case of the rectangular signal, (3.6) is
better than (3.5) (but (3.6)/(3.5) < 2) unless Q is large and
L is small. Since also, (3.5)/(3.6) < 2, neither inequality is
- very good in this latter range, and neither is nearly as goo
there as (3.3).

IV. BOUNDS FOR LARGE L OR T

. Consider, for simplicity, the rectangular model. As L — oo
(with W and Q fixed) the bound of Theorem 3.1 yields only
B(L) > (L2/3)B*((¢/2)/?) as L — oo. Since B*(a) < 1/4
for o > 0, this bound is less than L2/12. However, it is shown
below that B(L) ~ L%/12 as L — oo for any fixed W and
Q. (This result is implicit in Van Trees [13] and elsewhere.)
Hence, Theorem 3.1 is not sharp, and a different style of
inequality is needed to accurately describe the difficulty of
estimating the location of a single signal over a wide range
of 6.

The bounds in this section begin with results for the
discretized problem. These bounds for the discretized problem
are then converted to bounds for the continuous problem by
applying Lemma 4.1.

"Lemma 4.1: Consider a location model with compact signal
support, [0, W]. Let 7 = [L/W] > 2. Then,
L?Bp(r -
LBp(r-1) @

Our first main result is in Theorem 4.2. Its proof (in Section
VI) begins like the proof of Theorem 2.1, but concludes rather
differently.

B(L) 2

Theorem 4.2: For the discretized model,
24271 T7+1
12 T4+14+2(eQ-1) .
where @ is defined in (2.2). Consequently, by (4.1) and (4.2),
for a location model with compact support
L*(r2 -1
B(L) > TM—T(A-EC—?)Tf)'
The bounds (4.2) and (4.3) take the asyrriptotic form
Bp(1) 2 T—g"'—"inLl BRG] eQT_I + O('r‘2)]
{B(L) > f1- 22D 1oy, @9

=12

Bp(r) > 4.2)

“.3)

1389

Therefore, B(L) ~ L2?/12, as previously claimed. (Trivially,
B(L) < L?/12 for all L) However, the O(1/7) terms in
(4.4) are not correct. The following stronger bound yields the
correct term of O(1/7) for Bp(r). We conjecture that the
corresponding term is also correct for B(L), but we have not
been able to prove this.

" As it is shown in Fig. 1, the bounds in Theorem 4.2 can
sometimes dominate the lower bounds in Theorem 4.3 and vice
versa, so both bounds need to be checked. Some numerical
examples appear in Section V.

Theorem 4.3: Let M = (7 + 1) and A = €9 — 1. Then,

(M2-1) ., M
12 M +2A ,
AM +2((A+1)2 - 1)) -
.{1+ ESINE +O(M 2)}
2 _
2 Bp(r) 2 M12 lszile ,
A(M +2((A+1)2-1))
' {1 * (M +2A)? }
COA2A+ )M +2(A+12 1))
: [1 + 2 ] . 45)
Consequently,
B2 oy
A(T+2((A+1)2-1))
. {1 * (T +2A)2 }
A2(A +3)(r+2((A+1)3 — 1)1
. [1 1 2A) ] . (4.6)

Lengthy (but routine) calculations following on (6.9) would
yield an explicit upper bound for the O(M ~2) term in (4.5).
However the main interest here is in the asymptotic expan-
sion discussed previously. This is formally described in the
following corollary.

Corollary 4.4: As 7 — oo for fixed Q and W,

Q _
T +2TW2[ - 1+o(f-2)].

(The corollary is proved by expanding both sides of (4.5) to
terms of O(7~2). (4.6) yields the bound

Bp(r) =

Q_
B(L) > f; [ (—e—T—l) + 0(7"2.)].

As mentioned, we conjecture that this bound is sharp to the
terms of order O(77%).)

It is fairly evident from this, and can be shown explicitly,
that as L — oo the Bayes procedure. fBayes cORVerges to
L/2 in probability, uniformly for 8 € (0, L). Consequently
Supge(o, ) R(8; OBayes) = L?/4. 1t can further be shown that
M(L) ~ L?/4 as L — oo; we do not know what is the next
term in the asymptotic expansion. Similar calculations also
show that supge(o, ) F2(4, f) ~ L?/3 as L — oo, where 8
denotes the mle. Consequently, the asymptotic minimax risk
efficiency of the mle is 3/4.
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L=2
B . .
§. T _
3 S Ceeeaa,, .
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o -
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L=5
® . . . .
o C e
° .
-2 -1 [ 1 2
109(Q)
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g > Teea
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X “”"\
-3
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log(Q)
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- T~
i
g = ——
-2 -t [ 1 2
toalQ)

Fig. 1. Maximum of the normalized lower bounds as a function of In (Q) where W = 1, * x  represents (3.2), - - -
represents (3.3), - - - represents (4.3), - .. represents (4.6). All of them were normalized by the factor L2/12.

V. NUMERICAL EXAMPLES

A convenient way to compare lower bounds in Section
Il and IV for the discretized model is to multiply them
by 12/W2(r? + 271) = 12/W2(M? - 1). In this way, the
normalized bound in Theorem 3.1 becomes 4B*((Q/2)Y/?) <
1, and the normalized bounds of Theorems 4.2 and 4.3
converge to 1 as 7 — oo. A comparison of bounds for the

- continuous model with L = MW would be merely identical,
except for the case M = 2 (L = 2W) where the bound
(3.2) after renormalization would be slightly different than
4B*((Q/2)Y/?). See also Fig. 1.

Van Trees [13), Ziv and Zakai [14], and others have iden-
tified a threshold effect as @ increases. This behavior is
displayed in Fig. 1. This figure shows six plots of the various
lower bounds for B(L) in the rectangular case as functions of
In (Q). We take W = 1 with no real loss of generality. (This
makes Q) into the signal-rate-to-noise-rate ratio.) For easy
comparison of the graphs with each other and with Table II, we
normalize the bounds via multiplication by 12/(72 ~ 1) where
T = L/W(= L). (Thus, the Fig. 1 bounds for 7 compare

to the Table II bounds for M = 7 + 1 since the bounds in
(4.3) and (4.6) derive from Bp(r — 1).) The graphs compare
four normalized bounds: (3.2) and (3.3) from Chazan, Ziv, and
Zakai [5], (4.3) from Theorem 4.2, and (4.6) from Theorem
4.3.

The Bayes risk, B(L), is of course larger than the maximum
of the bounds in Fig. 1. However, it seems reasonable to
presume that this maximum yields a moderately good idea
as to the true behavior' of B(L). We see from the figures
that, especially for moderate to large 7 = L/W, the threshold
certainly occurs later and is presumably steeper than one might
suppose on the basis of the previously published (3.3). Even
though the computations for large L (e.g., L = 1000, 10000)
are not graphed here, the new bound (4.6) is obviously the
best for log (Q) < 2 (for details, see Brown and Liu [3]). The
existence of a threshold as L increases for fixed Q, W has
also been mentioned. (See, e.g., Ziv and Zakai [14, section
IV], but very little numerical information seems to exist. This
threshold behavior can be seen in the bound of Section IV. It
is displayed in Fig. 2. Again we take W = 1. For six values
of Q, this figure shows the value of the largest of the bounds. .
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~ TABLE I
COMPARISON OF NORMALIZED LOWER BOUNDS
Q= 0.5 1.0 2.0 3.0 5.0 10.0
4B*((Q/2)1/2) = 0.7959 0.6509 0.4496 0.3202 0.1692 0.0387
M LB i
A 0.6065 0.3668 0.1353 0.0498 0.0067 0.0000
) B 0.5804 0.1526 0.0058 0.0003 0.0000 0.0000
2
A 0.79430 0.5926 0.2812 0.1158 0.0167 0.0001
5
B 0.8416 0.4232 0.0163 0.0007 0.0000 0.0000
5
A 0.9390 0.8534 0.6102 0.3438 0.0635 0.0004
20
B 0.9664 0.8851 0.1074 0.0293 0.0000 0.0000
20
A 0.9872 0.0668 0.8867 0.7237 0.2533 0.0023
100
B 0.9935 0.9826 0.7884 0.0272 0.0000 0.0000
100 .
A 0.9987 -0.9966 0.9874 0.9632 0.7723 0.0222
1000
B 0.9994 0.9983 0.9935 0.8846 0.0004 0.0000
1000
10000 A 0.99987 0.99966 0.9987 0.9962 0.9714 0.1850
10000 "B 0.99994 0.99983 0.9994 0.9980 0.0507 0.0000
100000 A 0.999987 0.999966 0.99987 0.99962 0.9971 0.6942
100000 B 0.999994 0.999983 0.99994 0.99981 0.9781 0.0000
(32), (3.3), (4.3), and (4.6), normalized vi iplicati (2(=))*
.2), (3.3), 4.3), .6), via multiplication by

12/(L? —1), as a function of In (L). In order to obtain smooth
_ interpolation in the figure, we graph (4.3) and (4.6) as though
T = L/W (= L) rather than the true expression 7 = [L/W].

VI. PROOFS

Proof of Theorem 2.1: Recall that under 6;, X ~
N((-1)i*) 1), = 0, 1. Let §; = 1. Le Cam [11, p. 49]

yields
B*(\) = (1/2) / J(T)"\l‘_”;( ))da:. ©.1)
Simplify to get
2% /2-22/2
B*(\) = (1/2)(27r)1/2 / de
Y RCh SV 6.2)

0 1+ e—2xz
by symmetry. Now note that for positive functions h, g,

/ (h(t)/g(t)) dut) > L POD)®

ThOewau® &

Hence,

(@ + A do)”

B d(z+A)(1 +e2)dx

A =
)Z‘fo

T BN + e B(—3))’
upon completing the square to evaluate the integral in the
denominator. This is the desired inequality. O

Proof of Theorem 2.2: Note that for 0 < o < 1, (1 +
a)~! < 1 - /2. Apply this inequality in the final integrand
of (6.2) (with & = e~2**) and evaluate to get (2.5). O

Proof of Theorem 2.3: Note that

No(=3))  [Te PFP(z+ ) dx
(-2 [Tez+Ndx
fwe"z’q)(’ﬁ) dy
fo (ﬂxﬁ) Y

Now, 8%2/0X8ylnf¢((y + A?)/N)] > 0 for y > 0, A > 0,
and e~2¥ is decreasing. Hence, standard mle arguments yield
that e*»* ®(—3A)/®(—)) is decreasing. (See, e.g., Karlin [9].)
It follows that p()) is increasing in A. Clearly p(0) = 1/2.
It is well known that ®(~X) ~ A~1¢(}) as A — oo. (See,
e.g., Feller [7].) Hence, e**’®(—31)/®(—-)) ~ 1/3 and
limy oo p(A) = 3/4. This verifies all claims of the proposition
concerning p.

It is evident from (6.2), that limg_.oB*(\) = 1/4. Hence,
limy_,q (b2(A)/B*())) = 1. For the other extreme, expand
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Fig. 2. Maximum of the normalized lower bounds as a function of In (L) where the largest lower bound is (3.2),
(3.3), (4.3), (4.6) is represented, respectively, by # * , - - -, ---, ___ and all were normalized by L2/12.

1+ e~2**)~1 in the integrand of (6.2) to get

BM=Y fow(—l)"e-‘*’%(z +)do

k=0

oo
= 37 (~1)kel@RH 1N 25— (2K + 1)A).
k=0

Again apply the expression ®(—X) = A"1¢()) as' A — o0
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» to yield
() AT + BN !
B*(3) "~ Tro(-DF[@k+ DAL
3/4
2;;:0( 1)%/(2k +1)
Since Y poo(—=1)%/(2k +1) = w/4. This also shows that
limy_,00 B*(A)/®(=X) = 7/4. 0

Proof of Theorem 2.4: From (6.2),

B*(\) _ 5 +e ) 14(z + N)do
R(-)) Iz + N da
Pty ig(5) dy
fo ( 4;;\2) y .

Now, (1 + e~%¥)~! is increasing. Hence, B*(\)/R(-)) is
also increasing, as in the proof of Theorem 2.3. The limiting
values of B*(\)/R()) have already been established in that
theorem. O

. Proof of Theorem 3.1:

B(L) = infy~ / "R, yao

1nf{ {[ /R(0 a)de}
+ {%/0 R(L—o,é)do]}}

1 /i <1 .
>inf;— - - —_
_mf,,L/0 [23(0, 6)+ 3R -0, o)] 48

= % _°°(L - 26)’B*(A(|L - 261)) d8
0

- % / “ep ) d.
0

In the discretized model A(t)
W,-..,7W, and one similarly gets

@Q/2)Y? for t =

Bo(r)= 1 (XT:(% - +)2W’) B*(Q/2)'?)
k=0
= T yp g/, o

Proof of Corollary 3.2: To prove (3.5), proceed similarly
to the previous proof to write

B(G) = / / ;nf(;[%R(o, §)+ 3R, é)]a(do)a(dg)
= [ [6-erB 00 - epyaiancie).

(3.6) is proved similarly. O
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Proof of Lemma 4.1: Let w = L/7. Then, W < w <
W + W/r and

B(IL) = LZ /
= /O [TZIR(ka, é)] dt

k=0

(k+1)w N
R(6, ) d8

> l/ TBp(T - 1, w)dt
Lj,
= Bp(r — 1, w) = Bp(1 — 1)w?/W?
by (1.5), where Bp(r — 1) = Bp(r — 1, W). O

Proof of Theorem 4.2: LeCam [11, p. 49] can be ex-
tended to yield the following general results. Let y € Y
have density fo(y) with respect to v, § € R. Let G denote
a prior distribution of § and let Bg denote the Bayes risk for
estimating 6 under squared error loss. Then,

maz(3)[[[e- ﬁ)zf]}i(?)g(?o

- G(dB)G(dg)v(dy).

((6.4) is also valid for multidimensional § when ||6 — ¢||? is
substituted for (@ — £)? in the formula.)

To apply (6.4) to the discretized problem let Y = R™*! and
v is a Lebesgue measure. The kth coordinate of Y is defined by

Y = (\/§Aa2)"1/T(t)SEk—1)W(t) dt,

with A2 = [ s2(t)dt/20% = Q/2, as in (2.2). It is easy to
check that Y = (Y1,---,Y-41) is a sufficient statistic, and
that when 6§ = (k — 1)W then Y has a multivariate normal
distribution with identity covariance matrix and with mean 7
having 7x = Vv2\ and 7; = 0 for i # k. (To relate this to
(2.1), note that 7 = 1 and X = (Y2 — Y7)/+/2.) Substitution
in (6.4) and simplification yields

BD(T)>( )T+1T+1L )

)
i=1j=1

@m)= D2 exp (—|lyl2/2 + V@i +3;) — Q)
(r+ DT exp (V@ — Q/2)

Now apply (6.3) directly to (6.5) and evaluate to get the
equation found at the top of the next page. '

(In evaluating this equation, note that the integral evaluates
to one if k # 4, (but i # j) and to e? if k = i or j
(but 4 ;é 7). The value when ¢ = j is unimportant, for then
(i — j)® = 0.) This proves (4.2), (4.3) follows dlrectly from
(4.1) and (4.2). ]

Proof of Theorem 4.3: In preparation for substltuuon in
(6.5), fix i, j with ¢ # j. Let

6.4)

k=1,---,7+1.

(6.5)

vy) = (M +24)7"
. { > (eVQu-Q/2 _ 1) ¢ 3 (eVQu—Q/2 _ eo),}
k#i, j k=i, j
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1

Bp 2 2ot +1 ZZ
2(7‘+1 Ez(

_ W2(r2 4+ 27)(r + 1)
TO12((t = 1) 4 2eQ)

1+2€Q

E J( 27r) (072 exp (—lyll*/2 + «/Q(y, +y; +uk) —3Q/2) dy

w(y) = (2m) "M exp (=lIyl*/2 + VQui + v5)

Then, write
/%’%ﬁdy =_/(1 - v(y) + V2 (y)
3(y)

T THuy ))w(y)dy (6.6)

-Q)-

and note
{ Jr(y)w(y)dy=0 .
JP)w(y) dy = AU,
Note that
1+ 4%(y)
[T

< (f1+(y() dy)(f(1+v (¥)w(y) dy)

since (1+»3) is increasing in v while (1+2)~!
in v; and calculate that

/ (1+ 3 @)w(y) dy = 1+

is decreasing

"A%(A + 3)(M + 2(e39 - 1))
(M +2A)3 ’
6.7)
Substitute (6.7) into (6.6), then into (6.5), and simplify to get
the lower bound in (4.5).
For the upper bound, in place of (6.6) write

w(y)
ok
I/4
= [[1-vw+ 0 - v + 5

and note, from (6.7), that [ »3(y)w(y)dy > 0. Then,

w(y) dy,

< (M +2A)eVan+as2,

1 ..
T+o(y) = k=47

(6.8)

The expression for »*(y) can be expanded into a sum of
several terms. By choosing £ = ¢ or j'in (6.8) appropriate
to the term involved and letting Z ~ N(0, 1) one gets after
some simplification that

vi(y)

/ T

< (M +20)73{(M — 2)E(eVQZ-Q/2 _ 1)t
+26QE(eV@2-Q/2 _ 1yt

+ 6(MZ‘— 2)(E(e\/62—Q/2 —1)2)?

4 12(M — 2)E(eVRZ-9/2 _ 1)

. E(eVQ7-Q/2 _ Q)2

+ 6E(e‘/az_0/2 - eQ)2

L B((eVR7-Q/ _ (Q)2eV7-Q/2))

=0(M™Y), for fixed Q. (6.9)

This verifies the upper bound in (4.5). Equation (4.6) follows

directly from (4.5) and Lemma 4.1. O
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